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Abstract
We present a graded-geometric approach to modular classes of Lie algebroids and their
generalizations, introducing in this setting an idea of relative modular class of a Dirac
structure for certain type of Courant algebroids, called projectable. This novel approach
puts several concepts related to Poisson geometry and its generalizations in a new light
and simplifies proofs. It gives, in particular, a nice geometric interpretation of modular
classes of twisted-Poisson structures on Lie algebroids.
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1 Introduction
The concept of modular class of a Lie algebroid, proposed by Weinstein and introduced in
[12, 45], is a natural extension of that for a Poisson manifold [24, 45] which, in turn, can be seen
as a classical reminiscence of the modular automorphism group of a von Neumann algebra,
related to quantum theories via Tomita-Takesaki theory. It is well known that a Lie algebroid
structure on a vector bundle E is canonically associated with a linear Poisson structure on the
dual bundle E∗, and the modular class of E can be viewed as the obstruction to the existence
of a homogeneous measure on E∗ being invariant with respect to all Hamiltonian vector fields
on the Poisson manifold E∗ [35, 45]. In the framework of Lie-Rinehart algebras, the concept
of modular class was developed by Huebschmann [23], and the role of Batalin-Vilkovisky
algebras was emphasized in [25, 47].
Modular classes were then defined and studied also for Lie algebroid morphisms [19, 29, 30],
Poisson-Nijenhuis manifolds and algebroids [5, 10], Jacobi and Poisson-Jacobi algebroids [8],
twisted Poisson structures [28, 41], twisted and quasi algebroids [6, 26, 39], even symplectic
supermanifolds [37], etc.
In [13] Fernandes constructed a sequence of secondary characteristic classes of a Lie alge-
broid whose first element coincides with the modular class; see also the paper by Kubarski [31]
who, to our knowledge, was the first person defining characteristic classes and homotopies of
Lie algebroids. Secondary characteristic classes of a base-preserving Lie algebroid morphism
were studied also by Vaisman [43].
Poisson manifolds were revisited recently by Caseiro and Fernandes in [7], where modular
class of a Poisson map was defined and studied in detail. The problem was that, although
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any Poisson structure Λ on a manifold M gives rise to a Lie algebroid structure on the
cotangent bundle T ∗M , a Poisson map ϕ :M1 →M2 does not in general induce any canonical
Lie algebroid morphism between T ∗M1 and T
∗M2. This, however, can be recognized as a
particular case of a Lie algebroid relation whose modular class has been defined in [17].
On the other hand, several concepts of objects generalizing Lie algebroids appeared re-
cently in the literature. One of them is the concept of general algebroid or its skew-symmetric
version, a skew algebroid, introduced in [20, 21], and applied to analytical mechanics in [14, 16],
as an extension of the Lie algebroid/groupoid description of Lagrangian and Hamiltonian for-
malisms proposed by Weinstein [46] and Mart´ınez [36]. The interest in skew algebroids, for
which the Jacobi identity valid for Lie algebroids is dropped, comes also from nonholonomic
mechanics in which they provide a natural geometric framework (see [14, 18]). The concepts of
modular class and unimodularity can be extended for these, more general, algebroids almost
immediately [17].
As Lie (and skew) algebroids have nice graded-geometric interpretation [42], as superman-
ifolds with a homological vector field, called Q-manifolds. In [32] the authors described and
classified characteristic classes of Q-manifolds. It is natural to ask about the description of
modularity in this setting. It turns out that the modular class can be simply interpreted as the
divergence of the corresponding (homological) supervector field with respect to a homogeneous
Berezinian density [17].
In this note, we go further in this direction, introducing a concept of relative modular class
of a Dirac structure for a certain type of Courant algebroids which we call projectable. This
novel approach puts several concepts related to Poisson geometry and its generalizations in
a new light and simplifies proofs. It gives, in particular, a nice geometric interpretation of
modular classes of twisted-Poisson structures on Lie algebroids.
2 Skew algebroids
Let τ : E →M be a rank-n vector bundle over an m-dimensional manifold M , and pi : E∗ →
M be its dual. We will use affine coordinates (xa, ξi) on E
∗ and the dual coordinates (xa, yi)
on E. With Ai(E) = Sec(∧iE), for i = 0, 1, 2, . . . , we denote the module of sections of the
bundle ∧iE, and with A(E) =
⊕
i∈ZA
i(E) - the Grassmann algebra of multi-sections of E.
A skew algebroid structure on E can be equivalently defined as
• a linear bivector field Π on E∗. In local coordinates,
Π =
1
2
ckij(x)ξk∂ξi ∧ ∂ξj + ρ
b
i(x)∂ξi ∧ ∂xb , with c
k
ij(x) = −c
k
ji(x) , (1)
• a skew-symmetric R-bilinear bracket [·, ·]Π on the space Sec(E), together with a vector
bundle morphisms ρ : E → TM (the anchor), such that
[X, fY ]Π = ρ(X)(f)Y + f [X,Y ]Π, (2)
for all f ∈ C∞(M), X,Y ∈ Sec(E),
• a graded skew-symmetric bracket [[·, ·]]Π of degree −1, the algebroid Schouten (Gersten-
haber) bracket, on the Grassmann algebra A(E), satisfying the Leibniz rule
[[X,Y ∧ Z]]Π = [[X,Y ]]Π ∧ Z + (−1)
(k−1)lY ∧ [[X,Z]]Π , (3)
for all X ∈ Ak(E), Y ∈ Al(E),
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• or as a derivation dΠ of degree 1 in the Grassmann algebra A(E∗) (de Rham derivative).
The latter is a map dΠ : A(E∗) → A(E∗) such that dΠ : Ai(E∗) → Ai+1(E∗) and, for
α ∈ Aa(E∗), β ∈ Ab(E∗), we have
dΠ(α ∧ β) = dΠα ∧ β + (−1)aα ∧ dΠβ . (4)
If Π is a Poisson tensor, we speak about a Lie algebroid. In general, (dΠ)2 6= 0, and (dΠ)2 = 0
if and only if Π is a Poisson tensor, thus we deal with a Lie algebroid.
For any section X ∈ Sec(E), the Lie derivative LΠX , acting in A(E) and A(E
∗), is defined
in the standard way: LΠX(f) = ρ(X)(f) for f ∈ C
∞(M), and
LΠX(Y1 ∧ · · · ∧ Ya) =
∑
i
Y1 ∧ · · · ∧ [X,Yi]Π ∧ · · · ∧ Ya ,
LΠX(α) = iXd
Π + dΠiX .
3 Modular class of a skew algebroid
Let now (E,Π) be a skew algebroid and σ = Y ⊗µ be a nowhere-vanishing section of the line
bundle
LE = ∧topE ⊗ ∧topT ∗M .
Theorem 3.1. There is a section φσ of E
∗ (called the characteristic form of σ) such that,
for all X ∈ Sec(E),
∇Xσ := L
Π
X(Y )⊗ µ+ Y ⊗£ρ(X)µ = 〈X,φσ〉σ .
Moreover, if σ′ = ef · σ, for some smooth function f ∈ C∞(M), is another non-vanishing
section, then φσ′ = φσ + d
Πf .
If the line bundle L is not trivializable, we can use a nowhere-vanishing 1-density σ to
define φσ. The class of φσ in the quotient space [A
1(E∗)] = A1(E∗)/dΠA0(E∗) does not
depend on the choice of the section σ trivializing the bundle L (resp., on the density). We
call it the modular class of the the skew algebroid (E,Π) and denote mod(E,Π) (orb simply
mod(E) if Π is is fixed). We call the skew algebroid unimodular if its modular class vanishes.
Note that if E is a Lie algebroid, then the characteristic form is closed, dΠφσ = 0, so mod(E)
is a cohomology class in H1(E).
In local coordinates, for Π as in (1) and for the local section σ = e1∧. . .∧en⊗dx
1∧. . .∧dxm
of LE, we get
φΠσ =
(∑
k
ckik(x) +
∑
a
∂ρai
∂xa
(x)
)
ei.
If Φ : E1 → E2 is a morphism of skew algebroids, Φ
∗ ◦ dΠ2 = dΠ1 ◦Φ∗, then the modular class
of Φ is defined as (cf. [19, 30, 29])
Mod(Φ) = mod(E1)− Φ
∗(mod(E2)) .
This can be generalized to skew algebroid relations R ⊂ E1 × E2 by
Mod(R) = pi∗1(mod(E1))− pi
∗
2(mod(E2)) , (5)
where pii : E1 × E2 ⊃ R → Ei, i = 1, 2, is the canonical projection [17].
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4 Supergeometric description
Let us note that, for a skew algebroid (E,dΠ), we can view dΠ as a (degree 1) vector field on
the graded manifold E[1]. In local supercoordinates (x,y), associated canonically with our
standard affine coordinates (x, y),
dΠ =
1
2
ckij(x)y
jyi∂yk + ρ
b
i (x)y
i∂xb . (6)
To express the modular class mod(E) directly in terms of the degree 1 vector field dΠ, the
sheaf of sections of LE has to be replaced by the Berezinian sheaf Ber = Ber(E[1]) on the
supermanifold E[1] whose nowhere-vanishing sections are Berezinian volumes, representing
locally Berezinian 1-desities.
A homogeneous Berezinian volume 1-density s defines a divergence divs of a homogeneous
vector field X by the formula (see [27])
£Xs = (−1)
|X||s|s · divs(X) .
Here £Xs is the Lie derivative of the Berezinian volume understood as a differential operator
on A defined by £Xs = −(−1)
|X||s|s ◦ X. If s′ = efs is another homogeneous Berezinian
density on D, then
divef ·s(X) = divsX +X(f) ,
so that the classes of divs d
Π and divef ·s(d
Π) coincide. Since
divs([X1,X2]) = X1(divsX2)− (−1)
|X1||X2|X2(divsX1) ,
in the case of a Lie algebroid, i.e. [X,X] = 0 with X = dΠ, we have X(divsX) = 0, so that
the 1-form α represented by divsX is closed, so that we deal with an actual cohomology class
of a Lie algebroid. Over a superdomain U with supercoordinates u = (x1, . . . , xm,y1, . . . ,yn)
the (right) A(U)-module Ber(U) is generated by
s = dm|nu = dx1 ∧ . . . ∧ dxm ⊗ ∂yn ◦ . . . ◦ ∂y1 ,
and the corresponding divergence of a homogeneous vector field X =
∑
a ga∂xa +
∑
i hi∂yi
reads (cf. [27]) divs(X) =
∑
a
∂ga
∂xa
− (−1)|X|
∑
i
∂hi
∂yi
, so that
divs(d
Π) =
(∑
k
ckik(x) +
∑
a
∂ρai
∂xa
(x)
)
yi . (7)
The latter superfunction represents the section φΠσ of E
∗, so we get the following.
Theorem 4.1. Let (E,Π) be a skew algebroid and dΠ be the de Rham vector field on the
supermanifold E[1] corresponding to Π. Then, the modular class mod(E) is represented by the
degree-1 function divs(d
Π) being the (super)divergence of dΠ with respect to any homogeneous
nowhere-vanishing Berezinian 1-density s on E[1].
In what follows, we will assume that we deal with homological vector fields and Hamil-
tonians, i.e. Lie algebroids etc., but the major part can be directly generalized to the non-
homological case of skew algebroids etc.
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4.1 Courant algebroids
The original idea of Courant algebroid [33] was based on the observation that the Vector bundle
TM = TM⊕M T
∗M , endowed with the Courant bracket[9], plays the role of a ‘double’ object
in the sense of Drinfeld [11] for a pair of Lie algebroids. Let us recall that, in complete analogy
with Drinfeld’s Lie bialgebras, in the category of Lie algebroids there also exist ‘bi-objects’, Lie
bialgebroids, introduced by Mackenzie and Xu [34]. On the other hand, every Lie bialgebra
has a double which is a Lie algebra. This is not so for general Lie bialgebroids. Instead,
Liu, Weinstein, and Xu showed that the double of a Lie bialgebroid is a more complicated
structure they call a Courant algebroid, TM with the Courant bracket being a special case.
In the general case, the Pontryagin bundle TM with the canonical symmetric pairing is
replaced with a vector bundle V → M equipped with a nondegenerate symmetric bilinear
form (·, ·) on the bundle, the Courant bracket is replaced with (in the Dorfman picture) a
Loday (Leibniz) bracket [·, ·] on Sec(V ), and the canonical projection TM → TM is replaced
by a bundle map (the anchor) ρ : V → TM .
In [38], Roytenberg gave a nice characterization of Courant algebroids as certain Hamil-
tonian systems on graded symplectic manifolds.
Theorem 4.2. There is a one-to-one correspondence between Courant algebroids and sym-
plectic N-manifolds of degree 2, (M, ω), equipped with a cubic homological Hamiltonian H,
{H,H} = 0, where {·, ·} is the symplectic Poisson bracket. In this correspondence, we iden-
tify sections of V with functions of degree 1 on M, basic functions (functions on M) with
functions of degree 0 on M, and the pseudo-Riemannian metric with the Poisson bracket,
(X,Y ) = {X,Y }. The (Dorfman) algebroid bracket on sections of V is the derived bracket
[X,Y ]H = {{X,H}, Y }.
The Hamiltonian vector field dH = {·,H} is also homological, of degree 1, and defines the
Courant algebroid cohomology.
If we do not assume that the cubic Hamiltonian H is homological, then we deal with a
nonhomological Courant algebroid whose derived bracket on sections of V is still well defined
but does not satisfies the Jacobi identity.
Consider local coordinates (xa, ζ i, pb) in M, corresponding to coordinates (x
a) on M and
a local basis {ei} of sections of V such that (ei, ej) = gij = const , ei = gijζ
j interpreted as
linear functions on V . Then, the symplectic form ω reads
ω = d pa dx
a +
1
2
gij d ζ
i d ζj , (8)
and any cubic Hamiltonian is of the form
H = ζ iρai (x)pa −
1
6
φijk(x)ζ
iζjζk . (9)
For the corresponding Courant algebroid, the Dorfman bracket and the anchor are uniquely
determined by
([ei, ej ]H , ek) = φijk(x) , ρ(ei) = ρ
a
i (x)∂xa .
5 Relative modular class of a Dirac structure
We can try to define the modular class of a Courant algebroid (M, ω,H) similarly as above, as
the divergence of the Hamiltonian vector field dH with respect to a homogeneous Berezinian
density s on M. Changing the density by a positive factor ef of degree 0 results in changing
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the divergence by dH(f) which is cohomologically irrelevant. Unfortunately, it is easy to see
that we can always find a homogeneous ‘Liouville density’ s for which divs(dH) = 0, so that
this class is always trivial.
However, the divergence of a Hamiltonian vector field need not be trivial on a submanifold.
This is e.g. the case of a Lie algebroid E, considered as a graded submanifold E[1] of of the
Courant algebroid ME = T
∗[2]E[1] ≃ T∗[2]E∗[1] with the Hamiltonian expressed in the
natural coordinates (x,y, ξ, p) as
H =
1
2
ckij(x)y
jyiξk + ρ
b
i (x)y
ipb .
Here, V = E ⊕M E
∗ has a canonical symmetric pairing. The corresponding Hamiltonian
vector field, restricted to E[1], is (6) and its divergence represents mod(E).
The above example can be immediately extended to Dirac structures. In the graded-
geometrical language (see e.g. [22, 40]), they are simply lagrangian submanifolds D of a
Courant algebroid (T∗[2]E[1], ωE[1],H) such that dH is tangent to D. In what follows, Courant
algebroids will be always of the form (T∗[2]E[1], ωE[1],H), denoted with (ME ,H), therefore
they are canonically bi-graded. Dirac structures correspond to maximally isotropic vector
subbundles DE of E ⊕M E
∗ (supported on a submanifold DM of M), closed with respect
to the derived Dorfman bracket. This bracket defines actually a Lie algebroid structure on
DE . The divergence α = divs dD of the restriction to D of the Hamiltonian vector field dH ,
dD = (dH)|D, relative to a homogeneous Berezinian density s on D, represents the modular
class mod(D) of the Lie algebroid (D,dD).
Let us assume now that the Hamiltonian vector field dH is projectable with respect to
the canonical projection piE of T
∗[2]E[1] onto E[1]. It is easy to see that this corresponds
to the fact that in the decomposition H = µ + γ + φ + ψ of the cubic Hamiltonian into the
parts of bi-degrees (2, 1), (1, 2), (0, 3), and (3, 0), respectively, the parts γ and ψ vanish. This
is a particular case of a Lie quasi-bialgebroid in the terminology of [26]. The corresponding
Courant algebroid we will call projectable.
Theorem 5.1. In any projectable Courant algebroid (ME ,H = µ + φ), the projection dE =
(piE)∗dH = (piE)∗dµ of the Hamiltonian vector field dH is a homological vector field of degree
1 on E[1], therefore defining a Lie algebroid structure. Moreover, dE and dD are (piE)|D
related for any Dirac structure D ⊂ME, so that
piDE = (piE)|DE : DE → E (10)
is a Lie algebroid morphism.
Definition 5.1. The relative modular class Mod(D) of a Dirac structure D in a projectable
Courant algebroid (ME ,H = µ + φ) is the modular class Mod(pi
D
E ) of the Lie algebroid
morphism (10).
Example 5.2. Let us see that the modular class of a twisted Poisson structure [39, 41],
as defined in [28], is a particular case of the above. For a projectable Courant algebroid
(ME ,H = µ + φ), consider a ‘bivector field’ P ∈ Sec(∧
2E) and its graph DP ⊂ E ⊕M E
∗,
DPE = {(P
♮(α), α) : α ∈ E∗}, which is clearly a maximally isotropic subbundle in E ⊕M E
∗,
so corresponds to a lagrangian submanifold DP ⊂ ME . It defines a Dirac structure if and
only if dH is tangent to D
P , i.e. the cubic Hamiltonian H = µ + φ is constant, thus 0, on
DP . Interpreting P as a quadratic function on E∗, P = 12P
ijξiξj, we get D
P as the image
of the lagrangian submanifold E∗[1] ⊂ ME under the time 1 map expXP of the flow of the
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Hamiltonian vector field XP = {·, P}. A function F vanishes on this image if and only if its
pull-back
(exp(−XP ))
∗F = F −XP (F ) +
1
2
X2P (F ) + · · · = F + {P,F}+
1
2
{P, {P,F}} + · · ·
vanishes on E∗[1]. Hence, (exp(−XP ))
∗H vanishes on E∗[1] if and only if
1
2
{P, {P, µ}} +
1
6
{P, {P, {P, φ}}} = −
1
2
[[P,P ]]dE + (∧
3P ♮)φ = 0 ,
where [[·, ·]]dE is the Schouten bracket of the Lie algebroid (E,dE) and φ is interpreted as
a section of ∧3E∗. This means exactly that (P, φ) is a quasi-Poisson structure of the Lie
algebroid (E,dE). Identifying D
P with E∗ via expXP , the Lie algebroid structure on E
∗
coming from (D,dD) is the one defined by the projection of the Hamiltonian vector field d
P,φ
E∗
with the Hamiltonian {P, µ}+ 12{P, {P, φ}}. The corresponding Lie bracket on sections of E
∗
reads
[α, β]P,φ = £P ♮αβ −£P ♮βα− d(P (α, β)) + φ(P
♮α,P ♮β, ·) .
This is the Lie algebroid associated with a quasi-Poisson structure described in [41] and [39].
Since, under the identification DPE ≃ E
∗, the projection piDE corresponds to P
♮, we get for free
the following result whose known up to date proofs were rather technical.
Corollary 5.3. The map P ♮ : (E∗, [·, ·]P,φ)→ (E, [·, ·]µ) is a Lie algebroid morphism.
Moreover, the relative modular class Mod(DP ) corresponds to
mod(E∗)− (P ♮)∗(mod(E)) = mod(E∗) + P ♮(mod(E)) ,
which is the modular class of the quasi-Poisson structure (P, φ) associated with the Lie alge-
broid (E,dE) as it appears in [30].
Note finally that our approach via Dirac structures of projectable Courant algebroids can
also be applied to other ‘twisted’ structures, like quasi-Poisson G-manifolds in the sense of
[1, 2, 4], or ‘twisted Nambu structures’ in the context of higher Courant algebroids [3, 48].
Another generalization depends on considering nonhomological Courant algebroids whith
relations to quasi/almost-Poisson brackets used in the nonholonomic mechanics [14, 18, 21, 44].
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